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Abstract 

Vacuum expectation value of the stress-energy-momentum tensor for scalar and 
spinor fields is obtainted on the homogeneous space with G-invariant metrics using the 
orbits of coadjoint representation of Lie group and the generalized harmonic analysis. 

Introduction 

Quantum effects in external gravitational fields are of interest of quantum field theory. The 
main object of researches in the field is the stress-energy- momentum tensor (SEMT), which 
is a source of gravity in Einstein's field equation. Vacuum expectation value of the SEMT 
gives a way to describe effects of quantum field on the space-time geometry in the framework 
of quantum field theory in the curved space-time [|TJ [J). 

In calculation of the vacuum expectations in the homogeneous and isotropic space the 
dimensional regularization [|J and point-splitting || regularization are used. Moreover, reg- 
ularization can be carried out in the vacuum expectations directly (e.g. by the n - wave 
regularization ) . 

Here, we obtain the vacuum expectations value of the SEMT of a scalar and spinor fields 
on the M 1 x P manifold, where P is the right homogeneous space with C7-invariant metrics 
and zero defect. The problem is reduced to calculations on the group M 1 x G, where G is the 
transformations group of the homogeneous space. 
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The most of the general relativity models are related to various transformations groups 
and corresponding homogeneous spaces. The well knows examples of such manifolds are the 
De Sitter spaces [J7[ |J. 

In calculation of the SEMT vacuum expectations we use the method of orbits of coadjoint 
representation of Lie groups (the K-orbit method) || |H], [11, [L2|, 13|. The K-orbit method 
involves the noncommutative algebra of symmetry operators of the wave equation together 



with the well known method of separation of variables M, 15 



1 G— invariant metrics on homogeneous spaces 

Let G be a real connected Lie group and L its Lie algebra. Let P be a right G-space, where 
G is a Lie transformation group of the homogeneous space P. The homogeneous space P can 
be then represented as manifold G/H, where H is stationary subgroup at a point yo G P and 
f) is the Lie algebra of the group H, L* is the dual space to L. The left and right invariant 
vector fields on the Lie group G are = (L X )*X, T)x{x) = —{R X )*X respectively. The 

linear space of smooth vector fields on the Lie group G is X(G), and linear space of smooth 
vector fields on the P is X(P). 

The principal bundle G(P, H, tt) is correspondent to the homogeneous space P. Let's 
introduce the coordinates in the trivialization domain U x H of the fibered space G. We 
obtain the local splitting of the coordinates {x A } on the fibered manifold in the fiber h a and 
base y a coordinates, i.e. {x A = (y a , h a )} (a = 1.. dimP, a = dimP+1.. dimG). For a smooth 
local section s : P — > G of the bundle G, coordinates of an arbitrary point x G G can be 
represented as x = hs(y). For the Lie algebra L we have L = f) © m, where m is complement 
to f). 

The vector field r G X{G) is called projected on a homogeneous space P if ^([^y, r]) = 
0,Y G f). The projected vector fields forms a subalgebra B{G) in X{G) and X(P) ~ 
B{G)/ker{ir*}. 

Let G be a nondegenerate quadratic form on Lie algebra L, which is the metrics on the 
Lie group G related to the unit element of G. With the right shifts, the right invariant 
metrics on the Lie group G is given by: 

(a, r) x = GdR- 1 )^, (i£ V), a, r G T X G. (1) 



Then the corresponding metric tensor jij(x) on G = 1, dimL) reads 

= jABcrf{x)crf(x), j A b = G(e A , e B ), 

where {e^} is a given basis of the algebra L and a B (x) are components of a basis of right 
invariant 1-forms: a B (x) = (R x )*e B . The dual basis of the coalgebra L* is {e B }, i.e.(e^4, e B ) = 
5%, (A,B = l,...,dimL). 

Consider G-invarint metric on the homogeneous space P corresponding to right invariant 
metrics on the Lie group G. Let the 1-form G satisfies the condition 

G([X,Y],Z) + G(Y,[X,Z]) = 0, X et),Y,ZeL. 

Define a 1-form B on the Lie algebra L as 

ker B = (), 
B(X, Y) = G(X, Y), X, Y G m. 

The G-invariant metrics on the homogeneous space P has the form 

Mt),it.(v)U*) = BUi?; 1 )^, (i^V), v,re B(G). (2) 
The Christoffel symbols related to the metrics (0) have the form 

ItfCv) = Tla){x)al{x)rf a {x) - a^x)^ - C a ba a h 3 {x)a a k {x)rf a {x), (3) 

where Y^ c is 

r bc = ~2^c - 2^ [GecCfrd + GebC e cd \ . (4) 

The correspondent the Riemann tensor on the homogeneous space P is: 

R) M (y) = Rt^x)at(x)af(x) V l(x), 

pa pa pd -pa pd i (~ic pa /r\ 

n-bcd — 1 dd L be 1 dc L bd "r ^cd 1 6c" 

2 Harmonic analysis on Lie groups and homogeneous 
spaces 

We can set a function from (p G C°°(P) into correspondence with any function y9 G C°°(G), 
but this correspondence holds only in a subspace J 7 C C oc '(G), which can be selected by a 



special condition. Define the space T as 

J = {(/3G C°°(G) | vxvix) = 0, X ei),xeG}. 

Here J 7 is a space of functions on G that are constant on the fibers of the bundle G(P, H, ir). 

The Lie group G acts on the dual spaces L* = T*G by the coadjoint representation 
Ad* : G x L* ->■ L*, (x, /) ->■ Ad*/, where £> A « L*/G x , G x = {Ad* x X = A | x G G} is the 
orbit of the coadjoint representation of G passing through the linear functional A G L*, and 
c^a is the Kirillov symplectic form 

oj\(a, b) — (A, [X, Y]), a = ad* x \,b = ad*y\eT x O x , X,Y G L. (6) 

According to the Darboux theorem the local canonical coordinates (the Darboux coordinates) 
exist on the orbit 0\ in which the 2-form oo\ is oo\ = dp a Adq a , a = 1.. dim(9A/2. The domain 
Q of the variables q and the domain P of the variables p are a Lagrangian submanifolds of 
the orbit O x . 

Smooth functions : L* — >■ R 1 , /i — 1, ind L are called Casimir functions if {i^, v^} = 
for every </? G C°°(L*). In other words, the Casimir functions are those from the center 
of C°°(L*) viewed as the Lie algebra w.r.t. the Poisson bracket. The Casimir functions are 
locally invariant under the coadjoint representation, K^(Ad*,f) = K^(f),x G G. The number 
indL of independed Casimir functions is called the index of the Lie algebra L. 

The action of adjoint representation of the Lie group defines a fibration of the dual space 
L* into even-dimensional orbits (the K-orbits). The dimension of a K-orbit is dimL — indL — 
2k, where k — . . . (dimL — indL)/2.The space L* consists of the union of connected djsjoint 
invariant algebraic surfaces M( s ), where M( s ) is an space representable as a union of orbits of 
the same dimension dim G — ind L — 2s. The functions (/) that are nonconstant on M( s ) 
are called the (s)-type Casimir functions if they commute with any function on M^ s y The 
orbits from Mi 8 \ are called the (s)-type K-orbits. 

Denote by r^ number independed Casimir functions of type (s). We say that the K- 
orbit is nondegenerate if s = 0. Denote by Fa\f), a = 1.. dimL — r^ an independent set of 
functions defining a surface M^ s y 

It is easy to see that the transition to the canonical Darboux coordinates / — > (p, q) 
means to find a set of analytic functions of the variables (p, q) '■ fx — fx(q,P, A), X G L that 



satisfy the following conditions: 

{fxjY} Lze = f [X ,Yh /x(0,0,A) = A(X), X,Y e L, (7) 
FW(/) = 0, (a = 1.. dim L-r (s) ). (8) 

Let the transition to the canonical coordinates be linear on p, i.e. 

fx{q,P,\) = a a x (q)Pa + Xx{q,\), X E L, a = 1.. dim O x /2. (9) 
The subalgebra n C Lc, such that 

dimn = dimL — dimO A /2, (A, [n, n]) = 0, 

is called polarization of the linear functional A. Polarization is shown to exist for arbitrary 
Lie algebra and for any nondegenerate functional A [fL8| . 

Linear transition to the canonical coordinates (|9|) exists only when for a linear functional 
A the polarization does exist. 

Define the special infinite-dimensional irreducible representation of the Lie algebra L on 
the space of smooth functions L(Q, n, A) which we call A-representation. Operators of A- 
representation lx{q,X) are constructed as follows from the quantized canonical of transition 
functions lx{q, A) = ifx{q, —id q , A). 

The scalar product on the manifold Q with the measure dp(q) is given by 



tyxM= / Mq)Mq)Mq)- (10) 

JQ 

We introduce a "quantum shift" in the operators / as A — > A + i/3, where 

0(X) = i [tr(adx) - tr(adx\t)} , I = n + n. (11) 

Then operators lx are anti-Hermitean with respect to the scalar product (). 

Let T A be the lift of the A-representation to a local representation of the Lie group G: 

T\x)<p{q) = I D^(xMq')dfi( q '), (12) 
t=o 



T\exp(tX))p(q) = lx(q,\Mq), 



d_ 

where <p e C°°{Q). The condition T x { Xl )T x {x 2 ) = T x (xix 2 ) implies a relation for "matrix 
elements" of the representation T A : 

D^(x lX ,) = I D x r ( Xl )D x „ t (x 2 )dLi(q"). (13) 



The generalized functions D q -,(x) satisfy the overdetermined system of equations 



[ Vx (x) + l x (q, X)]D^{x) = 0, [£ x (x) - l x (q>, X)]D x q - q ,{x) = 0. (14) 



System (p~4D is consistent but global solutions exist only for integer-valued orbits [|TTJ [L7 
such that 

— / wj = n 7 ez, 

Zrr J-yeH 2 (O x ) 

where u\ is the Kirillov form on the K-orbit. 

The distributions D^(x) obey the completeness and orthogonality relations 



D^(x)D^(x)d^x) = 5(q, q)5(q',q')5(X, A), (15) 



G 



D^(x)D^(x)dti(q)dfJi{rf)dfJi(X) = 8(x,x). (16) 

' QxQxJ 

For any function <p{x) from the dense nuclear subspace 

L (s) = {(p E L 2 {G,dx)\F^ x {x)<f>(x)) = 0,X e L} 
the direct and inverse Fourier transformation are 



^(q,q',X) = I cj>{x)D^{x~ x )d^x), (17) 



x) = / ij(q,q',X)D x (x- 1 )d f i(q)dfi(q')dfi(X), (U 



where dfi(X) is the spectral measure of the Casimir operators K^irj). 

If a K-orbit 0\ is nondegenerate then transformations (|i~7D-([l8D act on L 2 (G,dx). 

Note that if the functions <p(x) and ip(q, q', X) are connected by the transformations fljj])- 
(ITS) then the same transformations connect the operators 



Vx(x) l x {q', A), £x{x) & tf x (q, A). 

For example, the differential operator acting in the space Q with a smaller number of inde- 
pendent variables corresponds to the Laplace operator on the Lie group (enveloping algebra 
element of the left- and right-invariant vector fields). 

Define the functional subspaces L^(P) C L 2 (P, dfi(y)) as 

L (s) (P) = L (s) n T = { V e L 2 (P, dfi(y))\F^(X)(p = 0}, 



where X are generators of a transformation group G acting on a homogeneous space P. In 
16| it is shown that L^(P) = 0, s < sp and 

F^(X) = 0, Kj>*\iX) = Q, fx = l,...,r sp , (19) 

where value sp is degeneracy degree of the homogeneous space P (see [0); Kjf p \f) are 
the (sp)-type Casimir functions, such as K^'^x = 0. From ( |TP| ) it follows that L( Sp )(P) = 
L 2 {P,dii{y)). 

The A-representation of the Lie algebra L corresponds to the homogeneous space if 

^ p) (A(j)) = 0,/i = l,...,r Sp . (20) 

For the sp-type A-representation of the algebra L the set of generalized functions D^-,(x) 
in the functional space £(s P ) obeys the completeness and orthogonality relations. The trans- 
formation flTTD-flTBD holds for homogeneous space P if 

l a (q',\)ip(q,q',\) = 0, a = l..dim#. (21) 

Every homogeneous space P is characterized by a number 

dp = -sup rank (A, [L, L]) — sup rank (A, [L, f)]), A G f} -1 , 

which is called defect of P. 

If dp = 0, then the algebra of invariant differential operators is commutative and the 
system (pi]) always has a solution. If dp > then the algebra of invariant operators is 
noncommutative and the construction of harmonious analysis would demand introduction of 



special methods [16] 



3 Integration of the Klein-Gordon and Dirac equations 

Consider the (n + l)-dimensional manifold M n+l = IR 1 x P n where an element y' G P is 
denoted by (y,t),y G P, t G M. Components of G- invariant metrics G^§ on the L n+1 = 
M. 1 x L are G 00 = 1, G 0a = 0, G a b = —7^, A', B', ... = 0, 1, . . . , n. 7^ are components of 
G- invariant metric on the P n . 

The Klein-Gordon equation with conformal connection £ = (n— l)/(4n) on the manifold 
M has the form 

(a 2 - A M + + m 2 Mx, t) = 0, (22) 



where Am = ^[rjarji, — Sp(ad a )r]b}\jr is the Laplace operator on the P; R is the scalar 
curvature of the manifold M. The indefinite scalar product associated with Eq. (|22|) is 



(<Pi,<P2) = -i I (pi d t (p 2 dii(y), (23) 



where (pi, (f2 are two solutions of (|22|). 

We now construct the basic of solutions ip a (y,t) of Eq. (^) enumerated by the index a 
and which are normalized with respect to the inner product (p3|). We seek solution of the 
form <f(y,t) = f(t)F(y). Substituting, 

/ A (*) = JL C -** u 2 = A 2 + (R + m 2 , (24) 
V2o; 



where A is a separation constant. For the function F(y), we have equation: 

- A M F A {y) = A 2 F A (y). (25) 

Using transformation ([17|) , we reduce Eq. (p5|) to the equation on the K-orbit. In this case, 
the Laplace operator A M is transformed into a constant H(X). The functions 

= J iP(q', ^D^x-^q'), a = (q, A), (26) 



form a basic of solutions of Eq. (p5|) . The function ip(q',\) is a solution of Eq. (^l|) and 
satisfy the orthogonality condition 

^ A (q,X)^A'(q,\)dKq) = S(A,A'). (27) 

This relationship is the normalization condition of the function ip A {q' , A) and is the definion 
of the measure of the eigenvalues A. 

Therefore, the basic of solutions for Eq. (^) has the form 

* tr (x,t) = f A (t)F tr (y), (28) 

where f A (t) is determined by (p4]), and F a (y) is determined by (p6|). 

In the general case, the Dirac equation on the Riemannian space for the particle with 
mass m and spinor *&(y) has the form 

(iY(y)f l -m ) )^(y)=0, (29) 



where V, = V« + Ti(y); Vj is the covariant derivative, Ti(y) = — l/4ji-k(y)Y(y) is the 
spinor connection, i.e. [Vi, Jj(y)] = 0, TrTfc(y) = (i,j,k = 0,...,n). The Dirac matrices 
on the Riemannian space are determined as an arbitrary but fixed solutions of the system 
{li{y)i lj{y)} = 2$^ (sO-Ek, where E 4 is the identity matrix, gij(y) is the metric tensor. 
The Dirac equation ( p9|) on M assumes the form 

(i 7 °d t + i^lUy, h) + r ] - m) = 0, T a = ~Tt al h lc . (30) 

The constant matrices 7 and 7° = r}f(y)Y(y) satisfy the relationship {7 a , 7;,} = 1^ a bF± and 
form the representation of the Clifford algebra constructed with respect to the bilinear form 
7 a fe. If jab = diag(l, —1, —1, —1), we obtain the usual Dirac 7-matrices. 

Let us find a solution basis of the Dirac equation (|30|) . We seek solution of the form 

*(y,t) = f(t)F{y). (31) 



Substituting ([H]) into (p0|), we get 

f A (t) = exp{-iut), u 2 = A 2 . (32) 
The normalization is taken in the form |/a(^)| 2 = 1- The equation for the spinor F(y) is 

D{r))F As {y) = 0, D(r)) = ^ a (rj a (x) + T a ) — 2A7 + im, (33) 



where s is a spin index. We seek for a solution of Eq. fl33|) in the form of Eq. flHf). Thus for 
the spinor ^\ 8 (q, q', A) we have 

- D(Z(g / , A))Va s (?, <z', A) = A 2 ^ As (g, </, A). 

The spinors 



^(y) = / i>A s (q',\)D*- g ,(y,h)dn(q'), a=(q,X,A,s) (34) 

form a solution basic of Eq . (|33|) . The functions ^As(q', A) can be found from the equation in 
the K-orbit 

- D(i( q ', \))Mq', A) = a 2 Mq', A) (35) 

The spinors ipA s (q', A) satisfy the orthogonality condition 

4 s (g', A)^Av(g', A)^(g') = 5(A,A')5 SS ,, (36) 



where is the Hermitian conjugation of the spinor. This relationship specifies the normal- 
ization condition of the spinor ip\ s (q', A) and defines the measure in terms of the eigenvalues 
A. 

Thus, the basic of solutions of Eq. ([3(J) on the manifold M n+1 numbered by the subscript 
a has the form 

= h(t)F a {y) (37) 

where f\(t) is determined by Eq. ([32]) and F a (x) is expressed through the functions i^A s (q', A) 
according to formula (|34]). 



4 Stress tensor for scalar and spinor fields 



Consider the stress tensor for a scalar field on the homogeneous space M n+1 . The stress- 
tensor for the slalar field can be obtained by variation of the action of scalar field with respect 
to the metric The local components 7y of stress tensor on the M n+1 are 

T^Jp, =(1 - 2C)W^<Pj) + (2C - ^ 9ij9 kl W*<P,i ~ CK^AMf + ^(AiA^)]- (38) 



Consider components 



t abOM) = Tij(y,t)rf A (y' ',h)rfJy' ', h). 



(39) 



Since ^c"/ 



si 



T]\crf = S 1 -, always it is possible to proceed from components fl39~[) to 



local coordinates and back. If P is Lie group (dim if = 0) then components (|39|) are tetrad 
components of tensor field T. 

For the "quasi-tetrad" components of the SEMT we obtain 



(40) 



+ ( 2C - 2 ) G A§ G CD Vd ( y ',tMy')vMy')- 



-c 



f(y')(vA(y', h)vs(y', h)<p{y')) + (va(v', h)v B (y'> h)<p{y>))^{y') 



- C {v(y')Vc(y', h)y{y') + ric(y', hMy'My')) T% A - 



The system is quantized in the canonical quantization scheme by treating the field <fi as an 
operator and imposing commutation relation 

[<p(y,t), f) (p(y, t')] = i6(y,y'). 

The field modes ( j37|) form a complete orthonormal basic with scalar product (0), so operator 
field function may be expanded as 



<j>(y,t) = / dfi{a) ip{y,t)a a + <f{y,t)al 



where aj. is the generation operator, a a - is the generation operator; The averaged stress 
tensors are determined from the formula 

(fij) = J T i3 {lp a ip a }dfx(a), X,Y E R 1 x L. (41) 

Let's substitude ([37]) in (|4ll) and integrate over q taking into account special properties of 
functions D^-, (x) , we will get expression 

(Too) =~ f u\iP(q,X)\ 2 d(,{q)d»(\l (42) 



(T 0o ) = -J V(<7, A) (l a (q, A)V(<7, A)) d(i(q)dfi{\), (43) 

(fab) = J ^W^{{laM + -CRa^{qA)dli{q)d^\), (44) 

where l a = l a (q, A) is operators of A representation of type sp corresponding to homogeneous 
space (see (|20D ); xjj(q, A) - solution of Eq. ( (2l[) ; 

The SEMT for a spinor field in the four-dimensional Riemannian space is 

ri /2 {*,*} = ^ 



where the designations \I/ = ^'70 have been introduced, the overbar denotes the Dirac 



conjugation *$?(y) = ^(y)jo, where *&(y) are the field functions (spinors). 

The quantization of spin 1/2 fermion field proceeds in close analogy. We can expand the 
field $(y,t) as 

*(j/,*) = y (^(^^fla + ^-H^*)^)^). (45) 
with noncommutative relationships: 

{4f(y, t),i&(y, t)} = i5(y, y), {*(y, t),i*(j/, t)} = t), WUy, t)} = 0. 



In formula fl45|) , the following designations have been introduced: ipa(y,t) is the full set of 
positive- and negative-frequency solutions of the Dirac equations, a in the set of quantum 
numbers, a a is the electron annihilation operator, and b\ is the positron generation operator. 

We now write the " quasi-tetrad" components of operator of the energy-momentum tensor 
for the spinor field: 

The expectation value of the SEMT are determined from the formula 

(Tab) = j ff^M^dm- (46) 

Substituting expression (p4j) into Eq. (|46D for /a(£), we obtain the solution of the Dirac 
equation in the form of Eq. (j3"4"D. We have: 

(f 00 ) = - / A^t )f (g', A)^t V, X)dfi(<f)dfi(\)dfjL(A)dfi(a), (47) 



(T 0a ) =-- j A^J(q', X)laAJ{q\ \)dfi(q')dn(\)dn(A)dfi(s)+ (4* 



C'tf. X Mq', A)VLV, A)d/x(g')d/ i (A)d/ i (A)d/i( S )+ 



x dfi(q')dfi(\)d{i(A)dfi(s), 



(Tab) =i I A~J W, *)%h) (<?', A) } (g', A) (49) 
x dfi(q')dfi(\)d{i(A)dfi(s) + 



^J(q r ,\)%r b) iP A -J(q',\) - (T^-Jiq^Xm^i-Jiq'A)) x 
x dfi(q')dfi(\)dfi(A)dfi(s) . 



The SEMT components (f42| - [44"|) and ( |47| - f49"|) do not depend on local coordinates. These 
components are expressed by the operators A-representation of the Lie algebra and solutions 
of the differential equation in the K-orbit. 
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